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In a recent paper [Phys. Rev. E 62, 4556 (2000)] Manfredi and Feix proposed an alternative
definition of quantum entropy based on Wigner phase-space distribution functions and discussed its
properties. They proposed also some simple rules to construct positive-definite Wigner functions
which are crucial in their discussion. We show, however, that the main results obtained and their
discussion are incorrect.
Entropy is without any doubt one of the most impor-
tant physical concepts, not only in thermodynamics and
statistical mechanics, but also in various areas of quan-
tum theory. It remains to be also one of the most mys-
terious quantities, especially outside the traditional phe-
nomenological thermodynamics.
In a recent paper [1] Manfredi and Feix proposed an
alternative definition of quantum entropy with quadratic
dependence on the Wigner distribution functionW (x, p):
S2 = 1− (2pi~)
D
∫
Γ
dxdp (W (x, p))2 (1)
The main advantage of this expression is that it is an
exact Weyl transform of the linear entropy:
S2 = 1− Tr(ρ̂
2) (2)
and therefore all properties of the linear entropy could
be easily extended to Eq.(1).
For a quantum state per se, i.e., without any mea-
surements being involved, represented through a density
operator ρ̂, the (dimensionless) quantum entropy may be
defined after von Neumann [2] as:
S = −Tr(ρ̂ ln ρ̂) (3)
The presence of the ln ρ̂ term precludes an easy trans-
lation of Eq.(3) to, e.g., the Weyl-Wigner-Moyal phase-
space picture of quantum mechanics.
The classical limit of the von Neumann entropy is given
by the Wehrl entropy [3, 4]:
Scl = −
∫
Γ
dpdq ρH(p, q;κ)) ln ρH(p, q;κ) (4)
where ρH denotes the respective Husimi phase-space dis-
tribution function parametrized with some arbitrary pos-
itive constant κ. The Wehrl entropy is possibly the
closest quantity to the classical Gibbs entropy (Eq.(4)
in [1]), but they are obviously very different from each
other. Therefore, the discussion of the classical limit of
the von Neumann entropy presented in Sec. I of [1], al-
though appealing, must be considered as incorrect.
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The linear entropy Eq.(2), as well as the term Tr(ρ̂2)
alone, is obviously a measure of the purity of the involved
quantum state, therefore the opinion ([1], p. 4666) that∫
W 2dxdp “has no obvious physical meaning” seems to
be surprising.
Discussing the properties of the quantum entropy, the
authors have found that the Wigner distribution function
which maximizes the entropy is defined as follows ([1], p.
4668): “ W = const = Ω−1 within a phase space region
of volume (area) equal to Ω, and W = 0 elsewhere”, i.e.,
W is simply a characteristic function of this phase space
area normalized to unity. It could be shown that such
a phase-space function, and in general any compactly
supported phase-space function cannot be regarded as
a valid Wigner distribution function (cf. [5, 6, 7] and
references therein).
In Sec. IV ([1], p. 4669) the authors discuss extensively
the Gaussian smoothing ofWigner distribution functions.
A claim is made that the result of Gaussian smoothing
of any Wigner distribution function “... is still an admis-
sible Wigner function”. The admissibility is then defined
in exactly the same way as the necessary and sufficient
conditions for a phase-space function to be a Wigner dis-
tribution function (Ref. 4 in [1], see also [8]). In other
words, any admissible phase-space function have to be a
genuine Wigner distribution function and vice versa.
It is well known (cf., e.g., [9]) that the Gaussian
smoothed Wigner phase-space distribution functions are
Husimi functions, which are associated with the (gen-
eralized) antinormal operator ordering. Also, Husimi
functions does not give proper marginal densities in the
general case. In contrast, the Weyl-Wigner representa-
tion employs a different, symmetrized operator order-
ing, and the Wigner distribution functions give always
proper marginal densities both in position and momen-
tum spaces. Therefore, the claim that Gaussian smooth-
ing of any Wigner distribution function gives always a
non-negativeWigner distribution function cannot be true
as inconsistent with well known results, and the offered
proof must be flawed.
Indeed, the key point in the authors’ reasoning is
the substitution of W (x, p), corresponding to ψ(x), by
W1(x, p) = W (−x,−p) (corresponding to ψ(−x)) made
in Eq.(33) of [1]. This substitution is not legitimate in
the general case, because onlyW (x, p) obeyingW (x, p) =
W (−x,−p) could be allowed here.
2To demonstrate that explicitly, let us repeat here or-
derly the steps performed in [1], starting from the l.h.s
of Eq. (32) with W (x, p) taken from Eq. (30):∫
dxdp W (x, p)F (x, p) (5)
=
∫
dxdpF (x, p)
∫
dx′dp′ W (x′, p′)K(x− x′, p− p′)
=
∫
dxdpF (x, p)
∫
dx′′dp′′ W (x− x′′, p− p′′)K(x′′, p′′)
=
∫
dx′′dp′′K(x′′, p′′)
∫
dxdp W (x− x′′, p− p′′)F (x, p)
The last expression Eq. (5) obtained above is equivalent
to∫
dx′′dp′′K(x′′, p′′)
∫
dxdp W (x′′−x, p′′−p)F (x, p) (6)
containing the desired convolution W ◦ F (x′′, p′′), if and
only if:
W (x, p) ≡W (−x,−p) (7)
The suggested further ([1], p. 4670) way: “to construct
a phase-space distribution function which is both posi-
tive and admissible [...] by smoothing an arbitrary (but
positive) function of phase space variables, again with a
Gaussian kernel. ...” is also incorrect. This should be not
a surprise even at a first glance, because an arbitrary, but
non-negative phase-space function will be almost always
not a sufficiently regular one. A simple counterexample
may be furnished here by the function:
fa(x, p) = exp
{
a(x2 + p2)
}
, a > a0 > 0 (8)
where the parameter a is sufficiently large (the thresh-
old value a0 depends on the smoothing Gaussian).
This everywhere positive phase-space function cannot be
smoothed with a Gaussian, because the respective inte-
grals are divergent.
Finally, the procedure of taking the classical limit of
Eq.(1) by “keeping the Wigner function fixed, and letting
Planck’s constant go to zero”, discussed in Sec. VI ([1],
p. 4673) cannot be so simple, due to the explicit depen-
dence of the Wigner distribution function on the Planck’s
constant. An excellent and detailed discussion of these
and related problems may be found in [10]. However, for
pure states we have:∫
Γ
dxdp W (x, p)2 = (2pi~)−D (9)
which in combination with Eq.(1) gives always S2 = 0
rather than S2 = 1 (indicated as the “unpleasant prop-
erty” of S2 in [1]).
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Addendum
This Comment has been rejected by the PRE Edito-
rial Board as not “[...] helpful in straightening the mat-
ter [...]” (quoted from the Editorial Board Member re-
port).
Whatever it is supposed to mean, let me only stress
here once again the most important issues raised in my
Comment:
• Gaussian-smoothed Wigner distribution functions
are in general not Wigner distribution functions
themselves.
• Arbitrary positive functions of phase-space vari-
ables cannot be in general converted to Wigner dis-
tribution functions via Gaussian smoothing.
These issues are crucial for the criticized paper, where
quantum entropy is defined as a state functional in the
Weyl-Wigner-Moyal picture (cf. Eq.(8) in [1]). The us-
age of Gaussian-smoothed Wigner distribution functions
instead of ordinary Wigner distribution functions means
here a representation switch to the Husimi picture, with
all consequences for the derived results. For example,
the inequality S2[W ] ≥ S2[W ] (cf. Eq.(44) in [1]) does
not indicate that smoothing generally increases the S2
entropy, because S2[W ] and S2[W ] are well-defined in
distinct phase-space representations.
